Abstract. We study properties concerning decomposition in cohomology by means of generalized-complex structures. This notion includes the C ∞ -pureand-fullness introduced by Li and Zhang in the complex case and the Hard Lefschetz Condition in the symplectic case. Explicit examples on the moduli space of the Iwasawa manifold are investigated.
Introduction
The decomposition of harmonic forms on compact Kähler manifolds into bigraded components is a strong result in Hodge theory. Therefore, one would also like to extend results on cohomological decompositions to weaker structures, maybe relying on their complex, symplectic, or Riemannian aspects. We recall, for example, the theory initiated by J.-L. Brylinski on Hodge theory for symplectic manifolds [9] . The analogies and differences between the results obtained in the complex and symplectic cases acquire a deeper meaning when they are framed into the generalized-complex setting. Tools from generalized-complex geometry have been recently used to develop a Hodge theory for SKT structures in [14] . The aim of this note is to provide a notion of cohomological-decomposability on generalizedcomplex manifolds, showing its coherence with already-known notions for complex and symplectic structures. We consider that having a comparison frame between these two parallel cases may inspire further results, in either complex or symplectic geometry.
Let (X, J) be a compact complex manifold. There is a natural bi-graded subgroup of the de Rham cohomology of X, given by the image of the map • dR (X; C) . Observe that the surjectivity of this map would yield to a cohomological decomposition of de Rham cohomology related to the complex structure. In fact, the stronger property of the above map being an isomorphism is called the ∂∂-Lemma property. Furthermore, it should be noted that these subgroups also make sense in a more general framework: that of almost-complex structures J on X. Indeed, it suffices to set In the integrable case, H (p,q) J (X) = im H p,q BC (X) → H p+q dR (X; C) . Such subgroups have been studied by T.-J. Li and W. Zhang in [28] when investigating symplectic cones on almost-complex manifolds. It is important to mention that, in general, these subgroups may not yield to a decomposition of the de Rham cohomology. In this sense, the result by T. Drǎghici, T.-J. Li, and W. Zhang in [17, Theorem 2 .3] appears as a very specific property of compact 4-dimensional manifolds: it states that any almost-complex structure J on a compact 4-dimensional manifold X 4 satisfies
Another interesting example is the Iwasawa manifold I 3 , which is one of the simplest non-Kähler example of complex threefold [18] . With respect to its natural holomorphically-parallelizable complex structure, the map H [4, Theorem 3 .1] and §3). The same holds when one endows the underlying differentiable manifold of I 3 with the Abelian complex structure given in §3 (see [27] ). Such examples show that this kind of decomposition is a strictly weaker property than the ∂∂-Lemma.
Consider now a compact symplectic manifold (X, ω). A symplectic Hodge theory was proposed by J.-L. Brylinski in [9] and further results in this direction were obtained, among others, by O. Mathieu [29] , D. Yan [39] , V. Guillemin [22] , and G. R. Cavalcanti [10] . Recently, L.-S. Tseng and S.-T. Yau introduced and studied some symplectic cohomologies [36, 37, 38, 35] . The group [36] , plays the same role as the Bott-Chern cohomology for complex manifolds (here, d
As shown in Proposition 2.6, the surjectivity of the natural map Generalized-complex geometry was introduced by N. Hitchin [23] and studied, among others, by his students M. Gualtieri [20, 21] and G. R. Cavalcanti [11] (see also [12] ). It provides a unified framework for both symplectic and complex structures. In fact, any generalized-complex structure is locally equivalent to the product of the standard complex structure on C k and the standard symplectic structure on R 2n−2k ; see [20, Theorem 4.35] , [21, Theorem 3.6] .
In this note, we study some results concerning decomposition in cohomology induced by generalized-complex structures J on a compact manifold X. More precisely, we consider the property that the natural map
is surjective (here, ∂ and ∂ are the components of the exterior differential with respect to the graduation induced by J on the space of complex forms). In the special cases when J is induced by either a symplectic or a complex structure, we compare this property with the already-known notions (see Proposition 2.6 and Proposition 2.9).
As an explicit example, we study structures on the real nilmanifold underlying the Iwasawa manifold. In particular, we focus on the holomorphically-parallelizable and the Abelian complex structures mentioned above, which provide a cohomological decomposition in complex sense (see §3). In fact, they induce a cohomological decomposition in generalized-complex sense, too. As observed in [24] , they belong to two different components of the moduli space of left-invariant complex structures on the differentiable Iwasawa manifold. Nevertheless, G. R. Cavalcanti and M. Gualtieri showed in [15] that such structures can be connected by a path of generalized-complex structures, which are given as β-transform and B-transform of a generalized-complex structure ρ. We study the cohomological decomposition property of such ρ, proving that the natural map from the generalized-Bott-Chern to the generalized-de Rham cohomology is surjective (see §3.1). Furthermore, we provide another curve of generalized-complex structures connecting these two complex structures, but arising as β-transform and B-transform of a curve {J t } t∈ [0, 1] of almost-complex structures. However, we show that these J t s do not satisfy cohomological decomposition in the sense of Li and Zhang.
Preliminaries and notation
In this section, we recall the main definitions and results in generalized-complex geometry, in order to fix the notation. See, e.g., [12] and the references therein for more details.
1.1. Generalized-complex structures. Let X be a compact differentiable manifold of dimension 2n. Consider the bundle T X ⊕ T * X endowed with a natural symmetric pairing given by
A generalized-almost-complex structure on X, [20, Definition 4.14] , is a -
and its associated Nijenhuis tensor for J ∈ End (T X ⊕ T * X),
(As a matter of notation, ι X ∈ End −1 (∧ • X) denotes the interior product with X ∈ C ∞ (X; T X), and
X).)
A generalized-complex structure on X is a generalized-almost-complex structure Consider a 2n-dimensional differentiable manifold X endowed with a generalizedalmost-complex structure J .
Let L be the i-eigenspace of the C-linear extension of
Here, the operation denotes the Clifford action of T X ⊕ T * X on the space of differential forms on X with respect to -| , i.e.,
as well as its bi-C-linear extension.
For each k ∈ Z, define
By [20, Theorem 4.3] , [21, Theorem 3.14], the condition Nij J = 0 is equivalent to the property
Therefore, one has [20,
where
Now, let us recall the notion of B-field transform [20, §3.3] and see how it may affect the initial graduation of forms for a given generalized-complex structure J defined on X.
Consider a d-closed 2-form B, viewed as a map T X → T * X. Consider the generalized-complex structure given by
Then, the Z-graduation is given by [11, §2.3 ]
and in particular, [11, §2.3] , Let X be a compact 2n-dimensional manifold endowed with a symplectic structure ω ∈ ∧ 2 X. The form ω ∈ ∧ 2 X might be viewed as the isomorphism ω : T X → T * X, which gives rise to the generalized-complex structure
The Z-graduation on forms is given by [11, Theorem 2.2]
where Λ := −ι ω −1 . By considering the isomorphism [11, §2.2] [25, 9] .
Generalized-complex subgroups of cohomologies
Let J be a generalized-almost-complex structure on the manifold X. Note that the differential d does not preserve the Z-graduation U • . In fact, one can see that GH dR (X) := ker d im d is not Z-graded. Hence, following [28] , it is possible to force a Z-graduation by studying the subgroups
They are denoted by HH k (X) and called generalized cohomology by G. R. Cavalcanti in [10, Definition at page 72].
In the integrable case, one can consider the natural map
in such a way that, for any k ∈ Z,
but in general, neither the sum is direct nor the inequality is an equality.
• C ∞ -pure-and-full if it is both C ∞ -pure and C ∞ -full, that is, Proof. Suppose that there exists
Consider the Mukai pairing:
where σ acts on decomposable forms as σ(e 1 ∧ · · · ∧ e ) := e ∧ · · · ∧ e 1 and (-) top denotes the top-dimensional component. By [10, Proposition 2.2], one has that the previous pairing vanishes in U h × U k unless h + k = 0, in which case it is nondegenerate. Furthermore, it can be seen that it induces a non-degenerate pairing in cohomology, (-, ) :
due to (1). Thus, we can conclude that a = 0.
As a consequence, we have the following interpretation of C ∞ -pure-and-fullness. 
induced by the identity is surjective.
We recall that a generalized-complex manifold is said to satisfy the ∂∂-Lemma, Finally, we prove that B-transforms preserve C ∞ -pure-and-fullness.
Proposition 2.5. Let B be a d-closed 2-form on a compact manifold X. The generalized-complex structure J on X is C ∞ -pure-and-full if and only if its Btransform J B is.
Proof. Suppose that J is C ∞ -pure-and-full. Let α ∈ GH dR (X, J ) and consider the d-closed form exp(−B) α. By hypothesis, there exists a form γ such that
∩ ker d (see [13, §2] ), we can conclude that also J B is C ∞ -pure-and-full.
The converse follows noting that J is the (−B)-transform of J B .
As generalized-complex-geometry provides a common framework for both complex and symplectic geometry, one would expect to recover existing concepts of C ∞ -pure-and-fullness for these two special cases. We devote to this aim the following lines.
Symplectic subgroups of cohomologies.
Let X be a compact manifold endowed with a symplectic structure ω. Denote L : ∧
• X α → α ∧ ω ∈ ∧ •+2 X and Λ := −ι ω −1 . Set also P
• := ker Λ. A counterpart of the Bott-Chern cohomology in the symplectic case was introduced and studied by S.-T. Yau and L.-S. Tseng [36, 37, 38, 35] :
. Inspired by Proposition 2.3, we will say that, for every k ∈ Z, the symplectic structure ω is C ∞ -pure-and-full at the kth stage in the sense of Brylinski [9] if the natural map SH • X = 2r+s=• L r P s . Note that C ∞ -pure-and-fullness at every stage in the sense of Brylinski means that the Lefschetz decomposition moves to cohomology. More precisely, one can define the following subgroups [6] 
By [6, Remark 2.3] , it can be seen that ω is C ∞ -pure-and-full in the sense of Brylinski if and only if
Let us now compare the notions of C ∞ -pure-and-fullness for a symplectic structure in the sense of Brylinski and for its induced generalized-complex structure. Proof. It suffices to observe that, in view of [13, §2] ,
Furthermore,
and
Then we have the commutative diagram
Tot SH
This concludes the proof.
Remark 2.7.
Concerning the notion of C ∞ -pure-and-fullness in the sense of [6] , that is, the property that
we note that it is strictly weaker than the notion of C ∞ -pure-and-fullness in the sense of Brylinski. In fact, by [6, Theorem 2.6], every compact 4-dimensional symplectic manifold is C ∞ -pure-and-full in the sense of [6] . On the other side, there are examples of such manifolds that do not satisfy the Hard Lefschetz Condition: hence, they are non-C ∞ -pure-and-full in the sense of Brylinski. For example, consider non-tori nilmanifolds, [ 
Complex subgroups of cohomologies.
In the almost-complex case, T.-J. Li and W. Zhang introduced and studied the notion of C ∞ -pure-and-fullness in [28] (see [17, 4, 5] and the references therein for further results).
More precisely, let J be an almost-complex structure on the manifold X. For each (p, q) ∈ Z 2 , consider the subgroup
Given k ∈ Z, the almost-complex structure J is called complex-C ∞ -pure-and-full at the kth stage in the sense of Li and Zhang [28] if
Now we would like to compare the notions of C ∞ -pure-and-fullness for a complex structure in the sense of Li and Zhang and for its induced generalized-complex structure.
Lemma 2.8. Let X be a compact manifold. Consider an almost-complex structure J on X, viewed as a generalized-almost-complex structure J . Then, for any k ∈ Z, it holds GH (k) J (X). The sum is obviously direct.
As a consequence, we get the following. 
Generalized-complex structures on the differential nilmanifold underlying Iwasawa
The Iwasawa manifold is the complex nilmanifold defined by
It is worth to remark that it constitutes one of the simplest examples of non-Kähler complex manifold (see, e.g., [18, 31] ).
In our case, we are interested in its underlying real nilmanifold that we will denote by M = Γ\G. Following [34] , let g = (0, 0, 0, 0, 13+42, 14+23) be the real nilpotent Lie algebra naturally associated to G (i.e., the differentiable Lie group underlying H(3; C)). This notation means that g * admits a basis {e Any linear complex structure J defined on g gives rise to a complex structure on M that will be called left-invariant. The Iwasawa manifold can be regarded as one of these structures, although there is an infinite family of them (see [1, 16] for a complete classification up to isomorphism).
Let g 1,0 be the i-eigenspace of J as an endomorphism on g * C := (g ⊗ R C) * . It is well-known that J is a complex structure on g if and only if d(g
. There are two special types of complex structures that deserve our attention.
• J is said to be holomorphically-
. In this case, g can be endowed with a complex Lie algebra stucture and M has a global basis of holomorphic vector fields.
. In this case, it turns out that g
is actually an Abelian complex Lie algebra. From the general study accomplished in [27] , one can conclude that there are only two left-invariant complex structures defined on M which are C ∞ -pure-and-full at every stage in the sense of Li and Zhang. They are precisely the holomorphicallyparallelizable stucture J 0 corresponding to the Iwasawa manifold (as proven in [4] ) and the Abelian stucture J 1 in [1, Theorem 3.3]. In the following lines, we give the explicit decomposition of the de Rham cohomology groups for each of these structures.
With respect to the basis {e k } 6 k=1 , the complex structure J 0 can be defined as (see [31] )
Therefore, the forms 
provide a left-invariant co-frame for the space of (1, 0)-forms on M with respect to J 0 , with complex structure equations
As already stated, J 0 is complex-C ∞ -pure-and-full at every stage in the sense of Li and Zhang [2, Theorem 3.1]. In fact, it is possible to see that .
Observe that these last equations yield to the following equivalent definition of the complex structure J 1 : is not an almost-complex structure for each t ∈ [0, 1].
We now construct a curve of almost-complex structures on M connecting the holomorphically-parallelizable structure J 0 and the Abelian complex structure J 1 . Notice that, up to β-transforms and B-transform, it gives rise to a curve of generalized-almost-complex structures. We study C ∞ -pure-and-fullness for the almost-complex structures.
For t ∈ [0, 1], consider the almost-complex structure (2)
cos(π t) sin(π t) − cos(π t) sin(π t) − sin(π t) cos(π t) − sin(π t) − cos(π t)
Observe that the notation is coherent with the previous for t = 0 and t = 1. That is, J 0 coincides with the above holomorphically-parallelizable structure, and J 1 , with the above Abelian complex structure. Consider 
